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Abstract
The purpose of this article is to give a criterion for canonical 3-folds
to be a Q-Fano 3-folds.
0 Introduction
We are working in the category of projective varieties defined over the
field of complex numbers.
We study a numerical criterion for canonical 3-folds to be Q-Fano 3-folds.
A Q-Fano 3-fold is defined in this paper to be a normal projective variety of
dimension 3 having only canonical singularities with its anticanonical divisor
being ample.
First of all, we state the following famous criterion for ampleness of
divisors, so-called Kleiman’s criterion.
Theorem 0.1. [15] Let X be a projective variety and D a Cartier divisor.
Then D is ample if and only if D · z > 0 for all z ∈ NE(X)\{0}.
Next we introduce the notion, strictly nef.
Definition 0.2. Let X be a normal projective variety and D a Q-Cartier
Weil divisor. D is strictly nef, if D · C > 0 for all irreducible curves C.
We are interested in how far strictly nef divisors are from being ample.
Mumford gave an example of a strictly nef non-ample divisor on a surface
(see [7], p56). In words in Theorem 0.1, D · z > 0 for all z ∈ NE(X)\{0}
does not imply that D is ample. But in the case D = −KX , we have the
following results by H. Maeda, F. Serrano and K. Matsuki.
Theorem 0.3. Let X be a Q-Gorenstein normal projective variety with
strictly nef −KX . Assume that one of the following conditions holds.
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(i) [19] X is smooth and dimX = 2.
(ii) [25] X is smooth and dimX = 3.
(iii) [20] X is a canonical 3-fold and κ(−KX) ≥ 0.
Then −KX is ample.
Furthermore in more general aspect, we have
Theorem 0.4. [25] Let X be an irreducible reduced projective Gorenstein
surface and L a strictly nef Cartier divisor. Then mL+KX is ample for a
sufficiently large integer m.
Our purpose in this paper is to prove the following theorem. We will
prove it with the aid of various results including Theorem 0.3 and 0.4.
Main Theorem (=Theorem 3.8). Let X be a canonical 3-fold with
strictly nef −KX . Then −KX is ample.
The proof rests mainly on sophisticated techniques of three dimensional
birational geometry developed in the last two decades, essentially by the
Japanese School. We now give an outline of this article. Let X be as in the
Main Theorem. Let α : X → Alb(X) be the Albanese morphism and alb(X)
denotes dimα(X). We will show in §1 that the case alb(X) = 1 never occurs
and in §2 that the case alb(X) = 2 never occurs by the extremal ray theory.
Since κ(X) = −∞, we can check alb(X) 6= 3 easily (Remark 3.7). After we
know them, it is enough to show the ampleness of −KX with the assumption
q(X) = 0 in order to prove the Main Theorem. It will be done in §3.
Acknowledgment. I express my hearty thanks to Professor Yujiro Kawamata,
my thesis advisor, for giving me useful comments and invaluable advice. I
also thank Dr. Hiromichi Takagi and Dr. Tatsuhiro Minagawa for stimu-
lating discussions on this paper. Finally I am grateful to Professor Hajime
Kaji for giving me the opportunity to talk about this subject in his master
seminar while preparing this paper.
Notation and Convention.
(i) We work over the field of complex numbers.
(ii) A terminal (resp. canonical) 3-fold means a normal projective 3-dimensional
variety with at most terminal (resp. canonical) singularities.
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(iii) A surjective morphism between normal projective varieties is an alge-
braic fiber space if it has connected fibers.
(iv) An algebraic fiber space ϕ : X → Y between normal projective varieties
is an extremal contraction if −KX is ϕ-ample and if the Picard numbers
satisfy ρ(X) = ρ(Y ) + 1.
(v) A birational morphism between normal projective varieties is small if it
is isomophic in codimension 1.
(vi) We always denote numerical equivalence by ≡.
(vii) Let X be as in the Main Theorem. We always denote the Albanese
morphism of X by α in this paper. Define alb(X) := dimα(X).
In the whole paper we will freely use the results from classification theory
and Mori theory. Refer to [13] and [18].
1 Proof of alb(X) 6= 1
A normal variety X is said to have only terminal singularities (resp.
canonical singularities) if the following conditions are satisfied:
(i) The canonical divisor KX is Q-Cartier, i.e. mKX is a Cartier divisor
for some positive integer m.
(ii) For a resolution of singularities f : Y → X we have
KY = f
∗KX +
∑
aiEi
with ai > 0 (resp. ai ≥ 0) for all i, where the Ei’s run through all the prime
divisors on Y which are exceptional with respect to f . In paticular if X is
a surface, X has only terminal singularities (resp. canonical singularities) is
equivalent to that X is nonsingular (resp. has only Du Val singularities, i.e.
rational double points).
Let X be a normal projective variety with at most canonical singulari-
ties. Then X has rational singularities ([4]) so the Albanese map of X is a
morphism (cf. Lemma 8.1 in [10]).
Assume in addition that dimX = 3. Because a general hyperplane sec-
tion of X has at most Du Val singularities, the locus of non-cDV (compound
Du Val) points is a finite set. See also Corollary 5.40 in [18].
We enjoy the benefit of the following result repeatedly in this paper.
Proposition 1.1. [14] Let X be a Q-factorial terminal 3-fold such that
−KX is nef, but not big. Then c1(X)c2(X) ≥ 0.
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Remark 1.2. Taking a Q-factorialization allows us to remove the assumption
Q-factoriality in Proposition 1.1. For the definition of Q-factorialization, see
Remark 1.12. By [11], there exists a nonnegative rational number A such
that χ(OX) =
c1c2
24 + A, where A = 0 if and only if X is Gorenstein. Thus
assume in addition that χ(OX) = 0 in the proposition above. Then X is
Gorenstein.
Lemma 1.3. [25] Let Y be a smooth projective variety, C a smooth pro-
jective curve of positive genus, and g : Y → C a morphism with con-
nected fibers. We denote by Ft the fiber over t ∈ C. Let D be a divisor
on Y and pick a paticular fiber F0, 0 ∈ C. If H
0(F0,D|F0) 6= 0, and
H1(Y,D + Ft − F0) = 0 for all t ∈ C, then D is algebraically equivalent to
an effective divisor.
Using the idea of [25], we can show the following proposition rather easily.
The key fact of the proof is that Q-factorial Gorenstein terminal 3-folds are
factorial (Lemma 5.1 in [12]).
Proposition 1.4. Let X be a Q-factorial terminal 3-fold with strictly nef
−KX . Then q(X) = 1 never occurs.
Proof. Assume that q(X) = 1. Then α is an algebraic fiber space and
C := Alb(X) is an elliptic curve. Let F be a general fiber of α. Then F
is a smooth projective surface, so −KF = −KX |F is ample (Theorem 0.3).
Hence Riα∗OX = 0 for i > 0 by Kawamata-Viehweg Vanishing Theorem
(cf. [13], Theorem 1.2.5) and so hi(OX) = h
i(OC) for all i. Then applying
Remark 1.2, we know that X is a Q-factorial Gorenstein terminal 3-fold.
Let f : Y → X be a resolution and put g := α ◦ f .
Claim. −mKX ≡ E for some effective divisor E and some m > 0.
Proof of the claim. Set Xt (resp. Yt) the fiber of α (resp. g) over t ∈ C. For
a sufficiently large integer m,
h0(F,−mf∗KX |F ) = h
0(F,−mKF ) 6= 0 (1)
by the ampleness of −KF . Fix this m. We may assume h
0(−mf∗KX +F −
Yt) = h
0(−mKX + F −Xt) = 0. Let S be a sufficiently ample line bundle
on X. We consider the following exact sequence.
· · · → H1((m+ 1)KX − F +Xt − S)→ H
1((m+ 1)KX − F +Xt)
→ H1((m+ 1)KX − F +Xt|S)→ · · ·
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Since (−KX)
2 6≡ 0, −(m+ 1)KX + F −Xt|S is nef and big. Thus
h1((m+ 1)KX − F +Xt|S) = h
1(−(m+ 1)KX + F −Xt|S +KS) = 0.
Therefore looking at the exact sequence above,
h2(−mf∗KX + F − Yt) = h
2(−mKX + F −Xt) = h
1((m+ 1)KX − F +Xt) = 0.
Thus
−h1(−mf∗KX + F − Yt) = χ(−mKX + F −Xt) = (2m+ 1)χ(OX ) = 0
(2)
by Riemann-Roch Theorem (cf. [24]). Then we can apply Lemma 1.3 be-
cause of (1) and (2). Thus we know that −mf∗KX is algebraically equivalent
to an effective divisor. The algebraically equivalence of cycles is preserved by
proper push-forward (see [5], Proposition 10.3). Then we obtain the claim.
We can write −KX ≡
∑
aiZi for some ai ∈ Q>0 and some prime
divisors Zi by the claim. Since −KX is nef but not big by q(X) 6= 0,
(−KX)
3 = 0 and so (−KX)
2Zi = 0 for all i. Because Zi is Cartier by
Lemma 5.1 in [12], Zi is a Gorenstein surface. Hence KZi−nKX |Zi is ample
for n≫ 0 (Theorem 0.4), then
0 < −KX |Zi(KZi − nKX |Zi) = −KXZi(KX + Zi − nKX) = −KXZi
2.
The absurdity comes from
0 = (−KX)
2Z1 = (−KX)(
∑
aiZi)Z1 = a1(−KX)Z1
2 + (−KX)
∑
i 6=1
aiZ1Zi > 0.
Lemma 1.5. Let X be a canonical 3-fold with strictly nef −KX . Assume
in addition that alb(X) = 1. Then q(X) = 1.
Proof. Note that α is an algebraic fiber space in the case alb(X) = 1 when
we regard α as a morphism from X to α(X). Assume q(X) > 1. Denote a
terminalization of X by f : Y → X (see Remark 1.10). Let F be a general
fiber of α. Then F ′ := f∗(F ) is smooth and connected, so F is an irreducible
reduced Gorenstein surface. Therefore −KF = −KX |F is ample by Theorem
0.4 and we obtain Riα∗OX = 0 for all i > 0 by relative Kawamata-Viehweg
Vanishing Theorem. Then hi(OY ) = h
i(OX) = h
i(Oα(X)) for all i, and so
χ(OY ) = χ(Oα(X)) < 0. This lies in contradiction with Proposition 1.1.
5
The following definition is in [22]. It is useful, for example, when we
investigate a Q-factorial terminal 3-fold with nef anticanonical divisor.
Definition 1.6. Let X be a normal projective variety and D a Q-Cartier
Weil divisor on X. Then D is called almost nef, if there are at most finitely
many rational curves Ci, 1 ≤ i ≤ r, such that D · C ≥ 0 for all curves
C 6= Ci.
Proposition 1.7. [22] Let X be a Q-factorial terminal 3-fold with almost
nef −KX . Assume that one of the following conditions holds.
(i) There is an extremal contraction ϕ : X → C to the elliptic curve C.
(ii) q(X) = 1 and there exists an extremal contraction ϕ : X → W to the
surface W .
(iii) alb(X) = 2 and there exists an extremal contraction ϕ : X → W to
the surface W .
Then the Albanese morphism α : X → Alb(X) is smooth and −KX is nef.
We will use Proposition 1.7 under the condition (iii) only.
Proposition 1.8. [22] Let X be a Q-factorial terminal 3-fold with almost
nef −KX .
(i) Let ϕ : X → W be a divisorial contraction or a flip. Then −KW is
almost nef.
(ii) Let ϕ : X → W be an extremal contraction to the surface W . Then
−(4KW + ∆) is almost nef (see the definition of ∆ in [22], which is
an effective divisor on W ).
Remark 1.9. Let X be a Q-factorial terminal 3-fold with nef −KX and ϕ :
X →W a divisorial contraction. This does not imply that −KW is nef (see
Proposition 3.3 in [3]). As in [22], this is the reason why they introduce the
notion almost nef.
Remark 1.10. Let X be a 3-fold with canonical singularities. According
to [23], there exists a partial resolution f : Y → X such that (i) Y has
terminal singularities, and (ii) f is crepant and projective. We call f and Y
terminalization of X.
We have more information on terminalization as follows. We denote the
number of crepant divisors over a canonical 3-fold X by e(X).
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Proposition 1.11. [12], [17] Let X be a normal projective 3-dimensional
variety having at most Q-factorial canonical singularities. Assume that
e(X) > 0. Then there exist a normal projective variety X1 having at
most Q-factorial canonical singularities and a projective birational morphism
g : X1 → X such that the following conditions are satisfied:
(i) g is crepant;
(ii) The exceptional locus of g is a prime divisor;
(iii) ρ(X1/X) = 1 and e(X1) = e(X)− 1.
Using Proposition 1.11 iterately, for a given Q-factorial canonical 3-fold
X, we obtain its terminalization because e(X) <∞.
Remark 1.12. Recall that a Q-factorialization of a canonical 3-fold X means
a birational projective morphism f : Y → X such that (i) Y has at most
Q-factorial canonical singularities, and (ii) f is small. Yujiro Kawamata
proved in [12] the existence of Q-factorialization of canonical 3-folds. Note
that if f(C) is a point for an irreducible curve C on Y , then C = P1 because
Rif∗OY = 0 for i > 0.
The following proposition is the main result of this section.
Proposition 1.13. Let X be a canonical 3-fold with strictly nef −KX .
Then alb(X) 6= 1.
Proof. Assume that alb(X) = 1. Then we know that q(X) = 1 because
of Lemma 1.5 and Alb(X) is an elliptic curve. Let g0 : Y0 → X be a
Q-factorialization. Then there exists a sequence
Y := Yn → Yn−1 → · · · → Y1 → Y0 → X.
such that for i ≥ 1 each morphism gi : Yi → Yi−1 is constructed by Propo-
sition 1.11 and Y := Yn has at most Q-factorial terminal singulalities (if
e(Y0) = 0, n = 0). Put f := g0 ◦ g1 ◦ · · · ◦ gn. Since KY is not nef, there
exists an extremal contraction ϕ : Y → W . Since hi(OY ) = h
i(OAlb(X))
for i ≥ 0 as in the proof of Lemma 1.5, we obtain that Y is Goren-
stein (Remark 1.2). Furthermore we know that dimW ≥ 1 easily. Let
β :W → Alb(W )(= Alb(X)) be the Albanese morphism.
Case: dimW = 1
In this case, W is an elliptic curve and so β is an isomorphism. Proposi-
tion 1.4 says that X is not Q-factorial terminal, so there exists an irreducible
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curve C such that f(C) is a point. Then KY ·C = 0 and so ϕ(C) is a curve.
This lies in contradiction with α ◦ f = ϕ.
Case: dimW = 2
When κ(W ) ≥ 0, KW · H ≥ 0 for some ample divisor H. But because
−(4KW + ∆) is almost nef (Proposition 1.8), −KW ·H ≥ 0. Therefore we
know KW ≡ 0. Combining this with h
i(OW ) = h
i(OY ) = h
i(OAlb(X)) for
all i, we know that W is a hyperelliptic surface. If X has only terminal
singularities, f is just a Q-factorialization so it is small. X is not Q-factorial
terminal by Proposition 1.4, then there exists a rational curve C on Y such
that KY · C = 0, and so ϕ(C) is a rational curve on a hyperelliptic surface
W . This is absurd. Thus e(X) > 0, that is to say, X is not terminal and
there exists a morphism gn : Y → Yn−1 such that gn is constructed by
Proposition 1.11 and f factors through gn. Put D the exceptional divisor
of gn. If dim gn(D) = 0, then D is uniruled by the Subadjunction Lemma
(Lemma 5.1.9 ! of [13]). But this lies in contradiction with ϕ(D) = W .
If dim gn(D) = 1, then there exists an irreducible curve C on Y such that
gn(C) is a point. Since dim gn
−1(gn(C)) = 1, C is a smooth rational curve.
But this derives contradiction as above.
Assume that κ(W ) = −∞ below. We obtain that −KY ≡
∑
aiZi for
some ai ∈ Q>0 and some prime divisors Zi as in the proof of Proposition
1.4. Since (−KY )
3 = 0, (−KY )
2 · Zi = 0 and there exists an irreducible
curve C ′i ⊂ Zi such that f(C
′
i) is a point for all i. In fact, if not, −KY |Zi0 is
strictly nef for some i0. Moreover we know by Theorem 0.4 that
0 < −KY |Zi0 (KZi0 − nKY |Zi0 ) = −KY Zi0(KY + Zi0 − nKY ) = −KY Z
2
i0 .
for n≫ 0. Then we can derive a contradiction as follows:
0 = (−KY )
2Zi0 = (−KY )(
∑
aiZi)Zi0 = ai0(−KY )(Zi0)
2 + (−KY )
∑
i 6=i0
aiZi0Zi > 0.
Let γ : Y → Alb(Y ) = (Alb(X)) be the Albanese morphism. Note that
α ◦ f = γ = β ◦ ϕ.
X
α

Y
f
oo
γ
{{vv
v
v
v
v
v
v
v
ϕ

Alb(X) W
β
oo
Claim. ϕ(Zi0) =W for some i0.
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Proof of the claim. If γ(Zi) is a point for all i, then there exists an irreducible
curve C on Y such that f(C) is 1-dimensional and C does not meet any Zi.
This implies
0 < −KY · C =
∑
aiZi · C = 0
which is contradiction. Therefore we know that γ(Zi0) = Alb(X) for some
i0, then ϕ(Zi0) =W . In fact, assume to the contrary that ϕ(Zi0) is a curve.
Now that ϕ(C ′i0) is a curve, Alb(X) = γ(Zi0) = β ◦ϕ(Zi0) = β ◦ϕ(C
′
i0
). But
this is absurd because β ◦ ϕ(C ′i0) is a point.
Using the claim above, we prove the following.
Claim. Assume that −(4KW +∆) · C˜ = 0 for an irreducible curve C˜ on
W . Then C˜ is a fiber of β.
Proof of the claim. If f(C) is a curve for all curves C ⊂ ϕ−1(C˜), then
Zi 6⊂ ϕ
−1(C˜) for all i by C ′i ⊂ Zi. From the well known formula (KY )
2 ·
ϕ−1(C˜) = −(4KW +∆) · C˜ (see the proof of Lemma 1.6 in [22]), we get
−KY · (
∑
aiZi) · ϕ
−1(C˜) = 0.
Then dimZi∩ϕ
−1(C˜) ≤ 0 for all i. This lies in contradiction with ϕ(Zi0) =
W . Then we know that there exists a curve C ⊂ ϕ−1(C˜) such that f(C) is
a point, and so C˜ = ϕ(C) is a fiber of β.
It follows from Proposition 1.7 in [22] thatW is a P1-bundle over Alb(X)
with nef −KW and almost nef −(4KW +∆). Then we can writeW = P
1(V )
for a normalized sheaf V on C, i.e. H0(V ) 6= 0, butH0(V ⊗L) = 0 for all line
bundles L with degL < 0 (see [7] about the treatment and the terminology
of geometrically ruled surfaces around here ). Set e := −c1(V ). We separate
into these two cases: e = 0 or −1. Let F be a fiber of β and C0 a canonical
section satisfying C20 = −e.
In the case e = −1, there exists an irreducible curve C1 on W such that
C1 is numerically proportional to 2C0 − F . Since C1 is nef,
0 ≤ −(4KW +∆) · C1 = −∆ · C1 ≤ 0.
Thus
−(4KW +∆) · C1 = 0.
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This contradicts the claim above.
In the case e = 0, C0 is nef. Then we obtain
0 ≤ −(4KW +∆) · C0 = −∆ · C0 ≤ 0.
This also yields contradiction.
Case: dimW = 3
Since Y is Gorenstein, ϕ is a divisorial contraction (cf. [1]). Let E be the
exceptional divisor. If ϕ(E) is a point, then we have the following equation
KY = ϕ
∗KW + aE
for some a ∈ Q>0. Thus−KW is nef. Furthermore looking at the description
of the normal bundle of E in Y , NE/Y , in [2], we get
(−KW )
3 = (−KY )
3 + a3E3 ≥ a3E3 > 0
(note that (ϕ∗KW + aE)
3 = KW
3 + a3E3 since ϕ(E) is a point). Hence
q(W ) = 0 by Kawamata-Viehweg Vanishing Theorem. This derives contra-
diction.
Hence we shall assume that ϕ(E) is a curve from now on. We know that
C0 := ϕ(E) is locally a complete intersection and ϕ is just the blow-up of W
along C0 (cf. [2]). Then W being Cohen-Macaulay implies E = P(N
∗
C0/W
),
where NC0/W denotes the normal bundle of C0 in W . Let ν : C0
′ → C0 be
the normalization, V the normalized sheaf of ν∗(N ∗C0/W ), i.e. H
0(V ) 6= 0,
but H0(V ⊗ L) = 0 for all line bundles L with degL < 0. Furthermore let
ψ : P(V )(=: E′) → C0
′ be the projection and F its fiber. The tautological
line bundle OP(V )(1) has a canonical section C1 satisfying C1
2 = c1(V )(=:
−e). Put g the genus of C0
′.
X Y ⊃ E
f
oo
ϕ
 
E′
hoo
ψ

W ⊃ C0 C
′
0
νoo
We have
KY = ϕ
∗KW + E, (1)
and since NE/Y = OE(−1)
h∗(NE/Y ) ≡ −C1 + aF (a ∈ Z) (2)
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where h : E′ → E is the base change of ν by ϕ. We can write V =
ν∗(N ∗C0/W ) ⊗ M for some M ∈ Pic(C
′
0). Then note that a = degM.
Moreover
h∗(−KY |E) ≡ C1 + bF (b ∈ Z) (3)
from h∗(KY |E) ·F = h
∗(NE/Y ) ·F = −1. Combining (1),(2) and (3), we get
−KW · C0 = −KW · ϕ∗h∗C1 = (−KY + E) · h∗C1
= h∗(−KY + E|E) · C1 = a+ b, (4)
(−KY )
2E = h∗(−KY |E)
2 = −e+ 2b, (5)
E2(−KY ) = h
∗(NE/Y ) · h
∗(−KY |E) = e+ a− b, (6)
(−KW )
3 = 3KY
2E − 3KY E
2 + E3 = −e+ a+ 3b, (7)
and
h∗(KE) = h
∗(KY + E|E) ≡ −2C1 + (a− b)F.
On the other hand, since ωE′ is a subsheaf of h
∗ωE, the last equation implies
KE′ + cF ≡ −2C1 + (a− b)F (c ≥ 0).
Squaring yields
2(1 − g)− c = −e− a+ b. (8)
Note that −KW · C ≥ 0 for any curves C in W , C 6= C0, and so if
a+ b ≥ 0, −KW is nef by (4). Furthermore we know −e+ 2b ≥ 0 by (5).
If e+ a− b > 0, we get
−KW · C0 = a+ b ≥ e+ a− b > 0
and
(−KW )
3 = −e+ a+ 3b ≥ e+ a− b > 0.
Hence −KW is nef and big, so this contradicts q(W ) = q(X) 6= 0. Conse-
quently we know
e+ a− b ≤ 0.
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So we obtain from (8) that 2(1−g) ≥ c. Since c ≥ 0, it is enough to consider
the following four cases:
Case 1: g = 0, c = 0, Case 2: g = 0, c = 1,
Case 3: g = 0, c = 2, and Case 4: g = 1, c = 0.
Before we consider the four cases above, we prove the following claim.
Claim. If g = 0, then −e+ 2b > 0.
Proof of the claim. Assume that −e+ 2b = 0. We have
0 ≤ h∗(−KY |E) · C1 = −e+ b = −
1
2
e.
Thus e = 0 by g = 0 and KY · h∗C1 = 0. Therefore E
′ is P1 × P1 and
f ◦ h(C ′1) is a point for any curves C
′
1 ∈ |C1| where |C1| is the complete
linear system on E′ defined by C1. Using (8), we obtain that a = −2 in
Case 1, a = −1 in Case 2 and a = 0 in Case 3.
X Y0
g0
oo · · ·
g1
oo Yn−1
gn−1
oo Yn = Y ⊃ E
gn
oo
ϕ
 
E′ = P1 × P1
hoo
ψ

W ⊃ C0 C ′0 = P
1νoo
Let Di be the exceptional divisor of gi for i ≥ 1. Then there exists m ≥ 1
such that Dm = gm+1 ◦ · · · ◦ gn(E) and dim gm(Dm) = 1. We denote the
image of C1 on Ym by C and the strict transform of Di on Y by D˜i. We
know that gm(C) is a point and dim gm
−1(gm(C)) = 1. Thus C = P
1
by R1gm∗OYm = 0. Put gn
∗ · · · gm+1
∗Dm = E +
∑n
i=m+1 aiD˜i for some
ai ∈ Q≥0. Then by (2),
Dm · C = (E +
∑
aiD˜i) · h(C1) ≥ E · h(C1) = a.
On the other hand, let H be a general hyperplane section of Ym−1. Then the
induced morphism gm,H : H
′ := gm
∗H → H is a crepant partial resolution.
Now that C is a smooth rational curve,
Dm · C = Dm|H′ · C = C
2 = −2.
Therefore we obtain a = −2. Moreover we get c = 0 by (8), so C0 = P
1,
E = P1 × P1 and NC0/W = OP1(−2) ⊕ OP1(−2) by the definition of a and
12
c. Then KY
2 ≡ 0 by Proposition 3.11 in [3]. This yields a contradiction
because KX
2Fα > 0 for a general fiber Fα of α.
Now we shall investigate each case.
Case 1: g = 0 and c = 0.
In this case, we know that C0 is normal by the definition of c, and so ν
and h are isomorphisms. From (8), we obtain
−e− a+ b = 2. (9)
If −e+ 2b ≥ 2, then
(−KW )
3 = −e+ a+ 3b ≥ e+ a− b+ 4 = 2.
Since −KW is neither nef or big,
−KW · C0 = a+ b < 0.
The absurdity comes from
0 = e+ a− b+ 2 ≤ a+ b < 0.
Then the claim above yields
−e+ 2b = 1. (10)
From (9) and (10), −1 = a+ b and a = −12e−
3
2 . Then
−1 = −KW · C0 = (−KY + E) · C1 ≥ E · C1 = NE/Y · C1
= (−C1 + aF ) · C1 = e+ a =
1
2
e−
3
2
.
Hence
e = 0, 1.
Therefore (10) induces e = 1. Hence E is a Hirzebruch surface of degree 1
over a smooth rational curve C0. But this implies that q(Y ) = 0 by Propo-
sition 3.5 in [3].
Case 2: g = 0 and c = 1.
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Now e+ a− b = −1 by (8), and so by the claim above, we get
(−KW )
3 = −e+ a+ 3b ≥ e+ a− b+ 2 = 1.
Thus
−KW · C0 = a+ b < 0.
Then the absurdity comes from
−1 = e+ a− b < a+ b < 0.
Case 3: g = 0 and c = 2.
In this case, e + a − b = 0 by (8). We can derive contradiction in the
similar way as Case 2.
Case 4: g = 1 and c = 0.
In this case, e + a− b = 0, and C0 and E are smooth by the definition
of c. If −e+2b > 0, we obtain that −KW is nef and big easily. So we know
−e+ 2b = 0 and
0 ≤ −KY |E · C1 = −e+ b = −
1
2
e.
Hence e = 0 or −1 because E is an elliptic ruled surface. Combining this
with e = 2b, we know e = b = 0. Therefore KY · C1 = 0. If dim f(E) = 1,
then there exist infinitely many irreducible curves on E such that each curve
is contracted by f . Take such an irreducible curve C on E. Then by (3),
C is numerically proportional to C1 in N
1(E). If dim f−1(f(C)) = 1, then
C is a smooth rational curve. But this derives contradiction because ϕ(C)
is an elliptic curve by g = 1. Thus there exists a prime divisor D such
that f(D) = f(C). This is also absurd because f never contracts infinitely
many divisors. Therefore we get that dim f(E) = 2. Let H be a general
hyperplane section of f(E). Then H ′ := (f |E)
∗H is an irreducible curve
on E which dose not intersect C1. So we know that H
′ ≡ dC1 for some
d > 0 (cf. Chap.V, 2.20 in [8]). But since f(H ′) is not a point, this lies in
contradiction.
2 Proof of alb(X) 6= 2
The proof of the following result is similar to the one of Theorem 1 in
[27], which treats the smooth case in arbitrary dimension.
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Proposition 2.1. Let X be a canonical 3-fold with nef anticanonical divisor
and α : X → Alb(X) its Albanese morphism. Assume alb(X) = 2. Then α
is an algebraic fiber space.
Proof. It is enough to consider the case that X is a terminal 3-fold by
terminalization. Since a general hyperplane section of a terminal 3-fold is
smooth, we can use the proof of [27].
Proposition 2.2. [16] Let ϕ : X → Y be a surjective morphism between
smooth varieties. Assume that the general fiber F is connected and hi(F,OF ) =
0 for i > 0. Then hi(X,OX ) = h
i(Y,OY ) for all i.
Proposition 2.3. [22] Let X be a smooth projective 3-fold with nef −KX
and q(X) = 2. We stand α for the Albanese morphism of X and ϕ : Y → X
for a divisorial contraction from a terminal 3-fold Y . Assume that α is a
smooth morphism. Then −KY is not almost nef.
Proposition 2.4. Let X be a canonical 3-fold with strictly nef −KX . Then
alb(X) 6= 2.
Proof. Assume that alb(X) = 2. Write A := Alb(X). Now that the Al-
banese morphism α is an algebraic fiber space (Proposition 2.1), a general
fiber of α is P1. Using Proposition 2.2, we know hi(OX) = h
i(OA).
Let f : Y → X be a Q-factorial terminalization as in the proof of
Proposition 1.13. Since KY is not nef, there exists an extremal contrac-
tion ϕ : Y → W and we know dimW ≥ 2 because Proposition 2.1 says in
paticular that α is surjective.
Case: dimW = 2
Now h0(KW ) = h
2(OW ) = h
2(OX) = 1, and so KW · H ≥ 0 for some
ample divisor H on Y . On the other hand, since −(4KW + ∆) is almost
nef (Proposition 1.8), −(4KW + ∆) · H ≥ 0. Thus KW ≡ 0. So we know
that W is an abelian surface and hence β is an isomorphism where β :W →
Alb(W )(= A) is the Albanese morphism.
If X is not Q-factorial terminal, there exists a curve C on Y such that
f(C) is a point. On the other hand, KY · C = 0 implies ϕ(C) is a curve.
This contradicts ϕ = α ◦ f . Hence X is a Q-factorial terminal 3-fold and
we can apply Proposition 1.7, so we know that X is smooth. Then −KX
is ample by Theorem 0.3 (ii). The ampleness of −KX yields a cotradiction
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with alb(X) = 2.
Case: dimW = 3
The following argument is in pages 493-494 of [22]. By Mori Theory,
there exists a sequence
Y →W =: Y1 → · · · → Yn−1 → Yn → Z.
where each morphism ϕi : Yi → Yi+1 is a divisorial contraction or a flip for
i ≥ 1 and ψ : Yn → Z is a Mori fiber space to a surface Z. As in the case
dimW = 2 above, we know that Z is an abelian surface, so we get readily
that ψ is the Albanese morphism of Yn. So by Proposition 1.7, ψ is a smooth
morphism and −KYn is nef. Thus ϕn−1 is divisorial. But this is absurd with
Proposition 1.8 and Proposition 2.3.
3 Proof of the Main Theorem
We first prepare several lemmas in order to prove Theorem 3.8.
Lemma 3.1. Let X be a canonical 3-fold with −KX nef and κ(X) = −∞.
Then h2(OX) < 2.
Proof. Taking a Q-factorial terminalization, we may assume that X has at
most Q-factorial terminal singularities. By Mori theory, X is birational to a
Q-factorial terminal 3-fold W such that W has a Mori fiber space structure
ϕ : W → Z, that is, ϕ is an extremal contraction with dimW > dimZ.
If h2(OX) ≥ 2, then Z is a projective surface and h
0(KZ) = h
2(OZ) =
h2(OX) ≥ 2. So KZ · H ≥ 1 for some ample divisor H. On the other
hand, since −(4KZ + ∆) · H ≥ 0 (Proposition 1.8), −KZ · H ≥ 0. This is
absurd.
Lemma 3.2. Let X be a canonical 3-fold such that −KX is strictly nef.
Assume q(X) = 0. Then pialg1 (X) is finite.
Proof. Assume that pialg1 (X) is infinite. Then there exists an infinite tower
of normal finite e´tale Galois covers
· · · → X2 → X1 → X0 := X.
We know χ(OXm)≫ 0 by χ(OX) > 0, hence h
2(OXm)≫ 0 for a sufficiently
large m. Then −KXm being strictly nef contradicts Lemma 3.1.
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Lemma 3.3. [21] Let S be a smooth projective surface with finite algebraic
fundamental group pialg1 (S). Suppose we have a nef divisor D on S such that
D2 = 0. Then either H1(S,−D) = 0, or there exists a positive integer n
such that H0(S, nD) 6= 0.
The following lemma is the generalization of Lemma 3.8 in [25].
Lemma 3.4. Let X be a canonical 3-fold with strictly nef −KX . Let U
stand for the locus of cDV points of X. Assume that KX
2 ≡ 0 and pialg1 (U)
is finite. Then χ(OX) ≤ 0.
Proof. Because pialg1 (U) = pi
alg
1 (S) for a general hyperplane section S by
The´ore`me 3.10, page 123 of [6], pialg1 (S) is finite. Assume that χ(OX) > 0
below. Write r := index(X). Let f : Y → X be a terminalization and set
T := f∗S. Since −KY is nef and not big, c1(Y )c2(Y ) ≥ 0 by Proposition
1.1 and Remark 1.2. If h0(−rKY ) = h
0(−rKX) 6= 0, then −KX is ample
by Theorem 0.3 (iii) and so it contradicts KX
2 ≡ 0. Hence Riemann-Roch
Theorem (cf. [24]) says that
χ(−rKY ) =
1
12
(−rKY )c2(Y ) + χ(OY ) > 0,
which implies h2(−rKY ) > 0. Let us consider the exact sequence
· · · → H1(−rKY + T )→ H
1(−rKY + T |T )→ H
2(−rKY )→
→ H2(−rKY + T )→ · · · .
Exchange S for its multiple if necessary. Then we may assume hi(−rKY +
T ) = hi(−rKX + S) = 0 for i > 0. Therefore
h1((r + 1)KY |T ) = h
1(−(r + 1)KY |T +KT ) = h
1(−rKY + T |T ) 6= 0.
Now that pialg1 (T ) = pi
alg
1 (S) (cf. Lemma 3.1 in [26]) and T is smooth, we
can apply Lemma 3.3 and we get h0(−nKX |S) = h
0(−nKY |T ) 6= 0 for some
n > 0. Hence
0 < −KX · (−nKX |S) = n(−KX)
2 · S = 0.
This is a contradiction. So χ(OX) ≤ 0.
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Remark 3.5. Let X be a canonical 3-fold with strictly nef −KX . Assume
(−KX)
3 > 0. Then we know that −KX is ample. In fact, the complete linear
system |−nKX | is free for n≫ 0 by the Base Point Free Theorem (cf. [13]).
Thus it yields a morphism Φ : X → PN . If there exists a curve C on X such
that Φ(C) is a point, then −nKX · C = Φ∗H · C = 0 for a hyperplane H
in PN , which contradicts the strictly nefness of −KX . Therefore Φ is finite,
and we obtain that −KX is ample.
Lemma 3.6. Let X be a canonical 3-fold with strictly nef −KX . Assume
that q(X) = 0 and KX
2 6≡ 0. Then −KX is ample.
Proof. Let S be a sufficiently ample general hyperplane section and r :=
index(X). Consider the exact sequence
−−−→ H1(−rKX + S|S) −−−→ H
2(−rKX) −−−→ H
2(−rKX + S) −−−→ .∥∥∥
∥∥∥
H1(−(r + 1)KX |S +KS) 0∥∥∥
0
Therefore h2(−rKX) = 0. Let f : Y → X be a terminalization. If
(−KX)
3 = (−KY )
3 = 0, then c1(Y )c2(Y ) ≥ 0 by Proposition 1.1 and
Remark 1.2. Furthermore by χ(OY ) = χ(OX) > 0,
χ(−rKY ) =
1
12
(−rKY )c2(Y ) + χ(OY ) > 0.
So h0(−rKX) 6= 0. This implies −KX is ample by Theorem 0.3 (iii). On the
other hand, −KX is ample when (−KX)
3 > 0 (Remark 3.5). This completes
the proof.
Remark 3.7. Let X be a canonical 3-fold with strictly nef −KX . Then
we have q(X) = 0. In fact, because α(X) is a subvariety of Alb(X),
κ(α(X)) ≥ 0. So alb(X) = 3 induces a contradiction with κ(X) = −∞.
Thus Proposition 1.13 and Proposition 2.4 deduce that alb(X) = 0, which
is equivalent to q(X) = 0.
We are now in the position to prove the main theorem of this paper.
The proof is based on the Miyaoka’s idea in [21].
Theorem 3.8. Let X be a canonical 3-fold with strictly nef −KX . Then
−KX is ample.
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Proof. Note that q(X) = 0 by Remark 3.7. Let U be the locus of cDV points
of X. If pialg1 (U) is finite, combining Lemma 3.4 and Lemma 3.6, we know
that −KX is ample because χ(OX) > 0.
If pialg1 (U) is infinite, then there exists an infinite tower of normal finite
Galois covers
· · · → X2 → X1 → X0 := X
such that fn|Un : Un → U is e´tale where fn is the morphism from Xn to X
and Un := f
−1
n (U). Let x be a non-cDV point in X and gn the morphism
from Xn to Xn−1. Since pi
alg
1 (V
o) is a finite group (Theorem 3.6 in [26])
where V is a sufficiently small analytic neighbourhood of x and V o stands
for the smooth locus of V (we use o below as the same way), there exists a
positive integer mx such that f
−1
n+1(V )
o is disjoint union of copies of f−1n (V )
o
for all n ≥ mx. Now thatXn is normal, for all y ∈ f
−1
n (x), f
−1
n+1(V )
o∪g−1n+1(y)
is also disjoint union of copies of f−1n (V )
o ∪ y (see The´ore`me 3.6, page 38
of [6]) and so gn is e´tale over y. X has only finitely many non-cDV points,
so gn is e´tale and pi
alg
1 (Xn) is infinite for all sufficiently large n. Now that
Xn is a canonical 3-fold with strictly nef −KX!n , we derive a contradiction
from Lemma 3.2.
From Lemma 3.1, we also obtain the following result:
Theorem 3.9. (cf. [27]) Let X be a canonical 3-fold with nef −KX . Then
q(X) ≤ 3. Furthermore q(X) = 3 if and only if X is an abelian variety.
Proof. Assume that κ(X) ≥ 0. Then we know readily that κ(X) = 0. Let
f : Y → X be a resolution of singularities. Because the Albanese morphism
of Y is an algebraic fiber space ([9]), so is the one ofX, α : X → Alb(X) =: A
and q(X) ≤ 3. Consider the case that the equality holds. Then we can
regard terminalization of X as a resolution of singularities f (Corollary 8.4
in [10]). So Y is an abelian variety by [27]. Hence f and α are isomorphic.
If κ(X) = −∞, it is enough to consider the case that −KX is not big.
According to Proposition 1.1 and Remark 1.2, χ(OX) ≥ 0 so we get q(X) < 3
by Lemma 3.1.
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